I. INTRODUCTION
The physical law governing the accelerating expansion of the Universe, which was discovered by the redshiftluminosity relation revealed from supernovae observations [1, 2], remains unveiled. In principle, the cosmic acceleration may suggest that approximately two-thirds of the total energy budget of the current Universe is provided by an unknown energy component with a negative pressure, dubbed dark energy (DE) [3, 4] , or that we need a better understanding of the law of gravity.
The cosmological constant (CC) or the vacuum energy Λ, introduced by Einstein a century ago to prevent the Universe from collapsing, has ironically become one of the most popular candidates for DE to give rise to the cosmic acceleration. Although the Λ-cold dark matter (ΛCDM) model can fit observations reasonably well, it suffers from severe theoretical issues [5] . It is true that dynamical dark energy models [6] can alleviate the cosmological constant problem to some extent, but it does not solve it completely. In spite of the theoretical obstacles for the study of DE, phenomenological approaches in light of observations has been developing actively (see [7] for an example).
On the other hand, general relativity (GR) is the most successful theory of gravity on scales from laboratory to the solar system. However, the validity of GR on cosmological scales is postulated, which is subject to scrutiny in theory, and to tests in observations. In fact, the expansion of the Universe can accelerate without the existence of dark energy, if the left-hand side of the Einstein equation gets modified. This essentially alters the response of the spacetime curvature to the energy-momentum distribution, and it is dubbed the modified gravity (MG) scenario (see [8] [9] [10] [11] for reviews on MG).
Both dark energy and modified gravity can yield the same expansion history of the Universe after the required tuning of parameters, however, these two scenarios predict different growth of the cosmic structures. In other words, DE and MG can be degenerate at the background level, but this 'dark degeneracy' can be broken at the perturbation level [12] .
Given our ignorance of the nature of dark energy and gravity, every possibility is worth exploring. In this regard, a combination of multiple cosmic probes, which is able to determine the cosmic expansion and structure growth history simultaneously, plays a key role for DE and MG studies.
In this work, we focus on observational tests of modified gravity scenarios on linear scales, on which the linear perturbation theory is valid. On these scales, MG can change the effective Newton's constant and/or the geodesics of photons [8] , which leaves imprints on various kinds of cosmological observations, including the cosmic microwave background (CMB) and large-scale structure (LSS) of the Universe. In particular, redshift space distortions (RSD) [13, 14] derived from the galaxy clustering of LSS spectroscopic surveys probe the change in the effective Newton's constant, and weak lensing (WL) measured from the imaging LSS surveys constrains the deviation from photons' trajectories from the geodesics, which makes RSD and WL highly complementary to each other for gravity tests [15] [16] [17] [18] [19] .
In this analysis, we use the latest observations of CMB and LSS, combined with probes to determine the background cosmology including the local measurement of the Hubble constant (H 0 ), the Hubble rate measurements using passive galaxies (OHD), baryonic acoustic oscillations (BAO) [20, 21] , to derive constraints on modified gravity scenarios following a phenomenological approach.
The paper is structured as follows. Section II describes the methodology used for this analysis, including the observational datasets, the rationale and framework of parametrisations of modified gravity, and details of the parameter estimation procedure. Our main results are presented in Section III, before conclusion and discussions in Section IV.
II. METHODOLOGY
In this section, we present the methodology used for this analysis, including the general framework in which we parametrise the effect of modified gravity, the datasets used, and details for parameter estimation.
A. The general framework of parametrising modified gravity
In this section, we discuss how we parametrise the Universe in gravity models beyond GR. As we aim to use the growth of cosmic structure to break the dark degeneracy between MG and DE, in this work we assume a ΛCDM background cosmology, and parametrise the modification of gravity at the linear perturbation level.
In a flat Friedmann-Robertson-Walker (FRW) Universe, the metric in the conformal-Newtonian gauge reads,
where Φ and Ψ are functions depending on time (redshift z) and scale (wavenumber k). The energy-momentum conservation yields,
where δ refers to the density contrast, v represents the irrotational component of peculiar velocity, a and H are the scale factor and the Hubble rate respectively, and the prime denotes derivatives with respect to ln a. In order to solve for {δ, v, Ψ, Φ}, two additional equations are required to close the system, and this is where a theory of gravity is required. Generically, the required equations are as follows [22, 23] 1 ,
where Eqs. (3) and (4) are called the modified Poisson equation and the gravitational slip equation respectively. ∆, which is defined as δ + 3aHv/k, denotes the gaugeinvariant comoving density contrast. In the framework of GR, the two functions µ(a, k) = η(a, k) = 1, and any deviation of these functions from unity may be regarded as a smoking gun for modified gravity. Note that the µ(a, k) function can only be tested on sub-horizon scales, as it becomes irrelevant on superhorizon scales, on which only η(a, k) can be tested observationally. On sub-horizon scales, both µ(a, k) and η(a, k) have observational effects thus can be tested.
GR, as the general theory of gravity, successfully interprets the early universe. Big Bang Nucleosynthesis (BBN), thermal history of the universe, and CMB have been well specified with theories based on GR. Therefore, when testing gravity at early times, we take GR as default by setting µ(a, k) = η(a, k) = 1. The point is where we set our threshold redshift when effective gravity transformed from Einstein's to a modified one. In order not to miss any signal from modified gravity, we set the threshold redshift at z tr = 50.
Before introducing specific MG models to be tested, we parameterise our Universe with the following set of cosmological parameters,
where Ω b h 2 and Ω cdm h 2 denote the physical baryon and cold dark matter energy density respectively; Θ s is the ratio (×100) between the sound horizon and the angular diameter distance at last scattering surface; τ is the reionisation optical depth; n s and A s denote the primordial power spectrum index and the amplitude of primordial power spectrum respectively. In addition, N is used to denote several nuisance parameters that will be marginalized over when performing the likelihood analysis, and X denotes parameters to parametrise the µ(a, k) and η(a, k) functions. As we only test gravity at the perturbation level, we assume a flat ΛCDM background cosmology.
B. Datasets
The observational datasets used for this analysis include the cosmic microwave background (CMB), supernovae (SNe), BAO & RSD, weak lensing (WL), galaxy power spectrum and observational H(z) data (OHD).
For CMB, we use the angular power spectra from the temperature and polarisation maps provided by the Planck mission [27] . The BAO-alone measurements we use include the isotropic BAO distance estimates using the 6dFGS [28] and the Main Galaxy Sample (MGS) of Sloan Digital Sky Survey (SDSS) Data Release (DR) 7 [29] , and the anisotropic BAO measurement using the Lyman-α forest in BOSS DR11 [30] . For joint BAO and RSD, we use three recent measurements including (I) the consensus measurement at three effective redshifts of z = {0.38, 0.51, 0.61} using the BOSS DR12 combined sample [31] ; (II) the tomographic BAO and RSD measurement at nine effective redshifts in the range of z ∈ [0.2, 0.75] derived from the same DR12 sample [32] 2 ; (III) the tomographic BAO and RSD measurement at four effective redshifts using the eBOSS [33, 34] DR14 quasar sample based on the optimal redshift weighting method [35] . Other observational data used for this analysis include the luminosity measurements from the joint light-curve analysis (JLA) SNe sample [36] , the recent local H 0 measurement [37] , the weak lensing shear measurement from the CFHTLenS survey [38] , the galaxy power spectrum measurement from the WiggleZ redshift survey [39] , and a compilation of H(z) measurements using the ages of passive galaxies [40] .
To be explicit, we make a list of these datasets with acronyms, meaning and references in Table I , and will use the acronyms in this table for later reference when presenting our results.
C. Parameter estimation
Given a set of parameters in Eq. (5), and the functional forms relating parameters X to the µ(a, k) and η(a, k) functions, which will be introduced in Section III, we use MGCAMB [22, 41] 3 , a variant of CAMB [42] 4 working for modified gravity theories, to compute the observables, and use a modified version of CosmoMC [43] 5 to sample the entire parameter space using the Monte Carlo Markov Chain (MCMC) method.
III. RESULTS
We present our results in this section. To be clear, we present the 'scale-independent' and 'scale-dependent' cases separately, in which the µ and η functions depend on redshift z only, and on both redshift z and wavenumber k, respectively. For each case, we explicitly show the parametrisation for the µ and η functions, before presenting the observational constraints.
A. The scale-independent case
In this subsection, we consider MG scenarios in which the growth is scale-independent, i.e., µ and η are only functions of time, namely,
We then parametrise the µ(a) and η(a) functions using the gravitational growth index, power-law functions, and a more general parametrisation based on piecewise constant bins in redshifts.
A 1-parameter extension: the gravitational growth index
As one of the minimal extensions to GR, the gravitational growth index γ L [44] has been widely used to search for signs of modified gravity phenomenologically (see [32, 35, 45, 46] for recent observational tests of gravity using γ L ). The gravitational growth index is defined via,
where f (a) denotes the logarithmic growth rate as a function of scale factor a, δ is the matter over-density, and Ω M (a) is the fractional energy density of matter at scale factor a. In this framework [23] 6 ,
The joint constraints on γ L and σ 8 (with all other parameters marginalised over) are shown in Table II and Fig. 1 for four data combinations.
A 3-parameter extension: the power-law parametrization
A more general parametrisation for µ(a) and η(a) is to use power-law functions [18] ,
We consider three cases where s is fixed to 1 (the linear model), or 3 (the cubic model), or treated as a free parameter to be marginalised over.
We constrain the power-law model parameters using various data combinations, and show the result in Table  III and Fig. 2 . As shown, the results for cases of s = 1 and s = 3 are qualitatively similar, so we present both cases together. With PLC alone, GR is excluded at 95% CL, and adding WL drags the contours towards a direction in which a large positive η s and negative µ s are favoured (note that µ s = η s = 0 for GR in our notation), which further excludes the GR model. With BAORSD, WL and SNe, H 0 combined with PLC, the contours for both s = 1 and s = 3 cases shrink significantly, and GR is still excluded beyond the 95% CL level. Finally, combining all data, denoted as ALL18, yields the tightest constraint, which excludes the GR model at 2.2σ and 3.1σ levels for the cases of s = 1 and s = 3 respectively.
Finally we consider the general power-law models in which s is treated as a free parameter. We use the dataset of ALL18 to constrain this model, and find that the constraints on µ s and η s get diluted compared with the cases of s = 1 or s = 3, due to marginalisation over s. In this general case, GR is still excluded at around a 2σ level.
A similar analysis was performed by the Planck collaboration using slightly different power-law functions [16] , whose conclusion is consistent with ours, i.e., the deviation from GR can reach a 3σ level (depending on data combinations, see Table 7 in [16] ). As discussed therein, the signal is to some extent due to tensions within ΛCDM among datasets (see discussions in [7, [47] [48] [49] as well), which may suggest observational systematics, or new physics beyond ΛCDM.
FIG. 2:
Upper and middle panels: the 68 and 95% contour plots for µs and ηs, where the upper panels for s = 1 and middle panels for s = 3. Contours for different data combinations are shown in separate panels to avoid confusion. The lower panels: the 68 and 95% CL contours plots for µs and s (left) and for ηs and s (right) derived from ALL18. In all panels, the horizontal and vertical dashed lines in each panels denote µs = 0 and ηs = 0 respectively, and the intersects of the dashed lines denote the GR model.
The z-binning and PCA
In this section, we consider the most general parametrisation for scale-independent µ and η functions using piecewise constant bins as free parameters. Given the sensitivity of current observations, we choose the redshift binning as illustrated in Fig. 3 7 , thus we have ten MG parameters in total.
We measure the µ and η bins using the ALL18 dataset, and summarise the result in the left two columns in Ta- ble IV and in panels (a,b) of Fig. 4 . For a comparison with results using other parametrisations, we over-plot a reconstruction of µ(z) and η(z) with 68% CL uncertainty using the power-law parametrisation shown in Eq. (9) with the power index s marginalised over (the blue bands in Fig. 4 ), which is in excellent agreement with our binned measurement. As shown, most of the bins are consistent with the GR prediction except for the µ bin at 1.0 < z < 1.5 (i.e., µ 3 shown in Fig. 3 ) and for the η bin at 0.5 < z < 1.0 (i.e., η 2 ), both of which exhibit a deviation from GR at approximately 1σ level. However, as the errors are correlated with each other, it is difficult to interpret the result in a naïve way.
A natural way to interpret the correlated measurements is to perform a Principal Component Analysis (PCA) to decorrelate the covariance matrix of the original parameters, which allows for forming a new set of parameters with a diagonal covariance matrix. The PCA method has been extensively used in cosmology, including implications on the power spectrum measurement [50, 51] , dark energy equation-of-state [52] [53] [54] [55] [56] [57] [58] and modified gravity parameters [59] [60] [61] [62] [63] .
The essence of the PCA is to diagonalise the covariance matrix C p of the original correlated parameters denoted as p,
where W is the decomposition matrix and Λ is the covariance matrix, which is diagonal, for the newly formed uncorrelated parameters q = Wp. The estimate on q with the associated uncertainty stored in Λ can identify which modes, i.e., uncorrelated linear combinations of the original parameters, deviate from the expected value given a theory, and how many modes that can be constrained by data.
To investigate the consistency of the µ or η functions with unity, we first perform a PCA on the µ or η bins separately. The PCA result for the µ bins (with η bins marginalised over) and for the η bins (with µ bins marginalised over) are shown in the third and fourth columns and in the (c) and (d) panels of Fig. 4 respectively. As shown, there are two modes, with Principal Component (PC) indices 2 and 3 shown in Fig. 4 , of µ deviating from the GR value, which is unity, at more than 1σ, while none of the η modes shows deviation from GR given the uncertainty level. A χ 2 analysis using all the modes shows that the total signal-to-noise ratio (S/N) of µ and η deviating from GR is 2.0σ and 1.6σ respectively.
To quantify the deviation from GR without distinguishing between µ and η, we perform a PCA on the µ or η bins jointly, and show the result in the last two columns in Table IV and in panel (e) of Fig. 4 . As illustrated, there are four joint µ and η modes, with PC indices 2, 3, 4 and 5, deviating from GR beyond the uncertainty level, which yields a 3.1σ signal.
The fact that using a large number of bins does not further improve the fitting compared with the power-law case means that the important features in data can well be resolved by the power-law functions, which is consistent with what we show in panels (a,b) in Fig. 4 . Actually, the PCA result conveys the same message: only 3 or 4 modes are needed to reproduce the total variance, which are essentially the degrees of freedom in the power-law functions.
B. The scale-dependent case
Now we consider more general cases in which the growth is scale-dependent, i.e., µ and η are functions of both scale and time, namely,
We then parametrise the µ(k, a) and η(k, a) functions in the framework of the scalar-tensor theories, and use a more general parametrisation based on pixilisation in both scale and time. In f (R) theory [64] [65] [66] [67] , which is a special case of the scalar-tensor theory with µ and η functions shown in Eq (13), the following relations hold,
We fix s = 4 to closely mimic the ΛCDM model at the background level [68] , which leaves only one free parameter, λ 1 , to be constrained. In practice, we vary log 10 B 0 together with other cosmological parameters where B 0 ≡ 2H The constraint on f (R) gravity using four datasets is shown in Table V and Fig. 5 . First we notice that the constraint derived from PLC+Wang is much more stringent than that from PLC+Alam, which demonstrates the improvement on MG constraints using tomographic BAO and RSD measurement, as claimed in [69] . Adding more datasets further improves the constraints, namely, the 95% CL upper limit of log 10 B 0 gets down to −4.93 using ALL18, which is tighter than a recent measurement, log 10 B 0 < −4.54, derived in [46] . This is largely due to the additional information in the tomographic BAO and RSD measurements used for our analysis. ] r e d s h i f t z
An illustration of the pixilisation in k and z of the µ and η functions used in this work.
A 5-parameter extension motivited by the scalar-tensor model
For general scalar-tensor theories, µ(a, k) and η(a, k) can be parametrised as [70] ,
where β 1 and β 2 (denoting the coupling; dimensionless), s (the power index; dimensionless), λ 1 and λ 2 (the length scales; in unit of Mpc) are free parameters. Note that for scalar-tensor theories, the following consistency relation holds [41, 46, 68] ,
However these relations are not applied as a constraint in our analysis, but used for a direct comparison with our observational constraint. It is worth noting that a large s can make other parameters trivial in the joint parameter estimation, thus a prior on s is needed. In this work, we make two choices of the flat prior for s. One is motivated by scalar-tensor theories, which is s ∈ [1, 4] [ 41, 46, 68] , with another one being more conservative, namely, s ∈ [0, 10].
We show the constraints of β 1 and β 2 derived from ALL18 with all other parameters marginalised over in Fig. 6 and Table VI. As shown in both cases, GR (β 1 = β 2 = 1) is consistent with data at 68% CL, and the scalartensor theory prediction, Eq (14) , is allowed within the 68% CL uncertainty. However, the f (R) model discussed in Section III B 1 with β 1 = 4/3; β 2 = 1/2 is strongly disfavoured by data.
3. The k, z-pixelisation and PCA
We parametrise functions of µ and η using pixels in the (k, z) plane as illustrated in Fig. 7 , constrain the pixels using the ALL18 dataset, and present the result in Table VII and Fig 8 in a similar way as we did for the k-independent case in Sec. III A 3.
Looking at the constraint on the pixels shown in the left two columns in Table VII and in panels (a,b) in Fig.  8 , we find that pixels µ A PCA on µ and η pixels with the other ones marginalised over shows that there are three (two) µ (η) modes deviating from GR beyond the uncertainty, which corresponds to a 2.6σ and 2.0σ signal respectively. A PCA on all the µ and η pixels jointly reveals four modes, with PC indices 3, 5, 6, 11, deviating from GR noticeably, making a total signal at the level of 3.7σ. This means that only a small number of degrees of freedom is required to capture the feature in the data, which is consistent with the scale-independent case.
IV. CONCLUSION AND DISCUSSIONS
Theoretical and observational approaches have been developing in order to test the validity of postulating GR on cosmological scales, which is a significant extrapolation of our knowledge of gravity from scales within the solar system. Observational tests of theoretical models thus play a crucial role in search for the ultimate theory of gravity governing the observed cosmic acceleration. As a large number of modified gravity theories have been proposed (cf [8] [9] [10] [11] ), it is efficient to perform observational gravity tests following a phenomenological approach.
In this work, we parametrise the effect of modified gravity using two functions µ and η on linear scales, which are generically dependent on both time and scale, describing the effective Newton's constant and the gravitational slip respectively, and use latest observational data to constrain parameters for these two functions.
By assuming that µ and η only depend on time to start with, we further parametrise them using the gravitational growth index γ L , power-law functions and piecewise constant bins respectively, which are progressively more general. We find no signal of modified gravity from current observations using γ L , which is a one-parameter extension to ΛCDM, but see a significant deviation from GR (at around 3σ level) using the power-law parametrisation (a two-parameter extension). Using a more general parametrisation with piecewise constants in redshifts (a ten-parameter extension), we find that the significance stays at the same level, signalling that the important features in the data, which can be described by a scaleindependent growth, can well be extracted using powerlaw functions for µ and η.
We then further exploit more general cases in which both µ and η depend on time and scale. We parametrise these two functions in frameworks of the f (R) gravity (a one-parameter extension of GR), the scalar-tensor theory (a five-parameter extension) and using the pixels (a twenty-parameter extension) respectively. We find no significant deviation from GR in f (R) or in the scalar-tensor models, but a deviation at a 3.7σ level is revealed when using the pixels. It is true that the signal is revealed using as many as twenty additional parameters, but a PCA suggests that only a small number of the modes (roughly four) are informative to capture the important signature of modified gravity.
The signal we find in this work is to some extent due to tensions among datasets on cosmological scales within the ΛCDM model, which has been investigating by the community. This could be due to contaminations from unknown systematics in the observations, or a sign of new physics, which can be further studied by complementary GR tests on non-linear scales [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] [81] . Forthcoming large astronomical surveys, including Dark Energy Spectroscopic Instrument (DESI) [82] , Prime Focus Spectrograph (PFS) [83] and the Euclid satellite [84] , will provide rich observational data for GR tests across a large range of scales.
